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DEGENERATE r-STIRLING GENOCCHI POLYNOMIALS

SIHYEON LEE

ABSTRACT. Degenerate exponential functions have extended the study of many types of
polynomials. In particular, in this paper, we introduce the degenerate version of the r-
Stirling Genocchi polynomials. This construction is based on the r-Stirling Genocchi poly-
nomials, recently studied by Roberto and Bernard. This study aims to combine these poly-
nomials in a degenerate exponential function to the mathematical understanding and ex-
plore new properties and potential applications of these extended polynomials.

1. INTRODUCTION

In [2], first of all, L. Carlitz studied the concept of degenerate exponential functions
which many researchers have used to study various polynomials and numbers.

It is well known that the unsigned Stirling numbers of the first kind, denoted by [Z] , count
the number of permutations of the set {1,2,...,n} with exactly k disjoint cycles. Similarly,
the Stirling numbers of the second kind, denoted by {’IZ}, count the number of ways to par-
tition the set {1,2,...,n} into k nonempty subsets (see[3],[4],[10]). From unsigned Stirling
numbers of the first kind and Stirling numbers of the second kind, many researchers have

used this to extend, especially the unsigned r-Stirling numbers of the first kind [}1/] and

r-Stirling numbers of the second kind {Zi:} (see[11,[51,[7],[9]1). The degenerate unsigned

n+r
k+r

second kind {"" have been studied by Kim-Kim-Lee-Park (see[7]). In [5], Roberto
k+rtpp y

Corcino et al. studied SM r-Stirling numbers, and in an extension of this, in [6], Roberto-
Vernard studied r-Stirling Genocchi polynomials. From r-Stirling Genocchi polynomials,
we consider degenerate r-Stirling Genocchi polynomials. Based on previous studies, we
focused on introducing the first kind degenerate r-Stirling Genocchi polynomial and the
second kind degenerate r-Stirling Genocchi polynomial and obtaining their properties.

The outline of the paper is as follows. In section 1, we recall the degenerate expo-
nential function and the degenerate logarithm function. we conjure unsigned degenerate
Stirling numbers of the first kind and r-Stirling numbers of the first kind. We also remind
the degenerate Stirling numbers of the second kind and r-Stirling numbers of the second
kind. we recall Euler, Genocchi, Bernoulli polynomials and their higher-order . In sec-
tions 2 and 3, we introduce the first kind degenerate r-Stirling Genocchi polynomials and
the second kind degenerate r-Stirling Genocchi polynomials. In Theorem 1,4,10, we get
known identities. In Theorem 2, we obtain an expression for SGrll , 5 (x,k,r). In Theorem

r-Stirling numbers of the first kind [ ]r Iy and the degenerate r-Stirling numbers of the

3, we get an expression for SGrll 5 (x+1,k,r) with unsigned degenerate r-Stirling numbers
of the first kind and degenerate Euler number. In Theorem 6, we have an expression of
SGﬁJl (x,k,r). In Theorem 7, from degenerate r-Stirling Genocchi polynomials, we get an
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identities G, 5 (x+r){""}, = Gua {";ﬁjr}r ,- In Theorem 8, we get an expression of

2(k+1) (4 1) (r)u—(+1),1- In Theorem 9, we obtain identities for SG? , (x,k,r). In Theorem

11, we get an identities of Sfoia) (x,k, 7).

The degenerate exponential function defined by

e n

(M) &0 =Y (s, (seell,7-18]).

n=0

where (x)g) =1,(x),2 =x(x—24)---(x—(n—1)A), (n>1) is degenerate falling facto-
rial sequence.
The degenerate rising factorial sequence is defined by

2 <x>p=1 <x>=x(x—A)---(x+(n—1)A), (n>1), (see[l8]).

The degenerate logarithm function is compositional inverse of e, (t) which is defined by
Kim-Kim
_ S n—1 " _ 1 A
3) log; (1+1) = n;?t (D17 =7 (407 =1), (see[8, 15]).
From (3), we note that
©) ex(logy (1+1)) =log; (€2 (1+1)) =141,

In [7], Kim-kim-Lee-Park studied the unsigned degenerate Stirling numbers of the first kind
and r-Stirling numbers of the first kind generating function respectively given by

(log, (1=1)* & [n]
R
1\ (“log (1-2)F & [n+r] 1"
(1—r> K _nzk[kw}rﬁ' (see[7,8,9,10,16]).

The degenerate Stirling numbers of the second kind and r-Stirling numbers of the second
kind which are also given by Kim-Kim-Lee-Park

() —DF & fn
© k! n;k{k}kn!’

Mem_i{n“} " (sce[1,8,9,10, 16)).

k! o= \k+r] ,n!

The degenerate Genocchi polynomials are defined by

% 2 )= Y Gua() e (seelll,13,14)
—e = — .
e (t) +1 A = n,A nl’ y 19,

when x =0, G, ; (0) = G, , are called degenerate Genocchi numbers.
The degenerate Genocchi polynomials of higher order given by

when x =0, Gn%g (0)= Gflal) are called degenerate Genocchi numbers of higher-order a.

(see[11,13,14]).
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The degenerate Bernoulli polynomials of higher-order o are defined by
? C ) = Y B WY 11,12,15,17
©) ) —1 2 (1) —n;,) M(x)m, (see[11,12,15,17]).

when x =0, Bflo;B (0)= B,(lo;) are called Bernoulli numbers of higher-order c.

In particular, when & = 1, B,, 5 (x) = Bf.l/)l (x) are called Bernoulli polynomials.
The degenerate Euler polynomials are given by

2 . > "
(10) Wel(t) :n;)En’x(x)H, (see[11,12,15,17]).

when x =0, E, 3 (0) = E,, , are called Euler number.
The degenerate Euler polynomials of higher order are defined by

2 . N
(11) (W) e,l(t):ZE;;(x)a, (see[11,12,15)).

n=0

whenx =0, E, (@) 5 (0)=E, ( )L) are called Euler number of higher order.

The r- Stlrhng Genocchl polynomials given by Roberto-Vernard

1 2te’log(1+1))*
1 <1+t> k(e +1) ZSG x; ks r)
2texl rt( t_l)k oo o
W:’;SGﬁ(x,k,r)H. (see[5,6]).

2. DEGENERATE r-STIRLING GENOCCHI POLYNOMIALS OF THE FIRST KIND

In this section, we consider the first kind degenerate r-Stirling Genocchi polynomials
which are given by

13 SG k, t).
(13) Z ek =\1=2) ooz W
When x =0, SG! , (0,k,r) = SG! , (k,r) are called r-Stirling Genocchi numbers of the first
kind.

From (13), we get

(14) ZSG xkr i( ,M

m < 1 )’2;(—logl(1—f))k X

n

Thus, we have the following theorem.

Theorem 1. For n,k,r > 0, we have

3Gl 07) = 3. (1) 095G} a0

m=0
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From (3) and (13), we get
" 2t(—log(1—1))* |

(15) ZSG Xkrn!_W

|
N
[9%]
S
~
—
>
=
S|
I
=
>
=
/\
|M8
l—|
I_l
>
et i

i=0 Jj=0k=0

= li o m.J m m—11
= 156005 5 Y 5 (1) g <roaa [0 1

i=0 U m=0j=0k=0 \J am!

n

= i Z i Z (Z) ('7) (X)mjr <7 >pn [m n q lSG,L,,,M(k, r)%.

where < r > ; are degenerate rising factorial sequence.
Thus, by comparing the coefficients on both sides of (15), we have the following theorem.

Theorem 2. For n,m,k > 0, we have

SG! 5 (x,k,r) = Zzi( ><> meji < T >0 {mkl] SGL_ 5. (k1)

m=0 j=0k=0

From (13), we have
(16)

" 1\ 2t(~log, (1—1))* .
nl <1z> k!(e,lgt)Jrl) a0

:<11_t>r2t(10g2!(1t))kei(t)<l_ﬁ>

Y SGL, (x4 1,k,r)
n=0 '

> (m+r] Mg > [m+r] "
=2t — t
mzk[’H"L/lm!zZo Ml' ZJ’“FJ )Lm'z M
> & n> [n—l—i—r} hd <>[ —l—i—r} "
=2t —t Exf
nz‘;(lzl’)(m k+r ], ! nz‘?dz‘é k+r ],, A
n—1—1+r ! n—1\[n—1-1+ "
()] } S o I () | B
n= k+llZ: k+r nA ;'L;JrllZ k+r rA n!

By comparing the coefficients of both sides of (16), we have the following theorem.

Theorem 3. Forn > k+1, we have

n—1 n
1 n—1\[n—1=1+4r t
SGn,l(x+ lvkvr) = Z <n( I ) |: k47 :|r_’1(2(X)l’l _El,l)> E
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Now, we consider degenerate r-Stirling Genocchi polynomials of the first kind of higher-
order ¢ which are given by

) 1" I 2t * (—logy (1—1))kes (1)
a7 HZSGI Xk)! <l—t> (ek(t)—i-l) k! =

From (17), we have

o (1) =PV R - A

(18) ;’OSGM (x,k,r)a_n;oc;m?l(x)%;)[k N
C e [N a) n—m| t"
= G —.
LL ()] 5

Thus, we have the following theorem.

Theorem 4. For n,k > 0, we have
1
SG\ P (k)= Y

From (17), when r = a, we get

v o) (2 Ny M (Y
(19) ,E(’)SG"’A (x,km)n! = (e,l(t)-&-l) e (1) Z {k}lm! (1—t>

m=0
Yy el oy ] My (I,
_;)Elvl(x)z'mz:"o {k lm'%(rl)
R t_’°°j, m j—m—1\t/
;EI’A(X)"/Z:;;O(J)V”L‘ )L( r—1 )J!
- S\ (j—m—1 m| "
LEE ()0 ol e

By comparing the coefficinets on both side of (19), we have the following theorem.

Theorem 5. Forr= a, n,> r, we have
- noJ m—1 m ’
G (x, ke ) =X Z - D | EV 4 ).
i=0m=0 r_l k 2 Js

3. DEGENERATE 7-STIRLING GENOCCHI POLYNOMIALS OF THE SECOND KIND
Now, we consider the second kind degenerate r-Stirling Genocchi polynomials which are

given by

e _ 1)k
(20) ZSG xkr n! %e’ff(r).

When x =0, SG? , (0,k,r) = SG*, (k,r) are called r-Stirling Genocchi numbers of the sec-
ond kind. '
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From (20), we have

oo o mo ll oo i ti
21 SG2, (x,k, Gy y— -
(21 n;) (ko) (X +7)ma— ; z,Al!;{{k}ﬂ!

m=0

i t ' i—1
e EEE Qa2

m=0 Jj=kl=0

o n ] i—1 n
—ZZZ(”) (e mmsson "} 5
n=k j=01=0 R

Thus, we have the following theorem.

Theorem 6. For n > k, we have

Gutonn= 1 () ernsonl 7).

From (21), we have

mo ma (1)
(22) ZSG (x.kr) ”;OGm,z(xH)m—!lZ:,){k}lﬁ
o N n —m "
_,;)n;o(m>G’"’“"+’){ ; }An,,
and
ind ) i MmS (l+r t
23) Y SGL (v k)= =Y Gua ,Z{Hr} I
n=0 m=0 =0

Therefore, we obtain the following theorem.

Theorem 7. For n,m > 0, we have

n—m n—m-+r
G, ,/l(x"’r){ } =G ./1{ } :
" ko, k+r ),
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From (20), we have

(24)
d kY e,l d "
Z(r)"sl__z kZSG xkr
n=0
kvek m = m
2 _]kZSG xkrm‘—I—2 ,,,2_" xkrm!
! (1) = " k
L — 2~ Y SG? , (k,r) SG;,
2t(e;L(t) — 1)k 1=Zo B mzo mal 2t Z
K& ot (& J J "
= 5T, B}_’,{i—' (Z ) (m (l)n,mJSGm,l(x,k,r)—k Z SG},M(x,k,r)%
i=0 © \j=0m=0 m=0 ’
S (v v (") () SG2, 5 (x,k,r)BY) Py AR

By multiplying both sides of (24) by % k, , we have the left hand side of (24) as follows.

2kl = kL g e "
25 = — —
( ) k' nzo(r)n,/l l’l‘ k‘ n:§11<r>n7(k+l) (n _ (k+ 1))|
> n! "
= 2 r)n A
n:kzﬂ =t 2 = (e 1)1)
> n "
- 2<k+1>( )
n=zk;&-l k+1 ( ) !

and multiplying the right hand side of (24) by % k, , we get

B (£ (0wt o s

By comparing the coefficients of both sides of (25) and (26), we have the following theorem.

Theorem 8. Forn,k >0, n > k+ 1, we have
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From (20), we have

(26)
Lscher f'i—”iiéz’fzéts”" IR
2 N T 4
==t LR (T B
@w A

Thus, we have following theorem.
Theorem 9. For n > k, we have
SG.; (x,k,r)
n j o 2p .
E+m—1 N |J—m
=23 3 30y (et Doy = ki) (20 ) eomanna 7
Jj=0m=0 A

p=1

Now, we consider degenerate r-Stirling Genocchi polynomials of the second kind of
higher order & which are given by

v oG M a N\ (ealn) - 1) ()
27) ,;’)SG'M (x,k,r)n! - <97L(t)+1> k! '

when x =0 SGEf)’Lm(O,k, r)= SG( )(k r) are called degenerate r-Stirling Genocchi num-
bers of the second kind of hlgher-order.
From (27), we get

o0 oo l
(28) Y SG2%( skt =Y G Z{l} L
n=0 =0 k ll!

m=0

O O (a> n—m) t"
G, x—i—r){ } —.

ngf)mZ:'o(> A k- Jan!

Thus, we get the following theorem.

Theorem 10. For n,k > 0, we have

" /n n—m
seiien = £ (Lawen{""},
A
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From (27), we have
(29)

ZSG xk")nn! ( +1) _l)kew()

(B 2 “ i m+r "
t)—|—1 =0 \k+a+r) ;m!
B > (@) o P m—+r
N k)a;)El- Z {k+a+r} )Lm‘

-y oy (7 n J+r} (@)@
= (k E B: .
LELEEC)C ){HW s

Thus, we obtain the following theorem.

Theorem 11. Forn > o, we have

n J
2.a) n—j+tr (@) pla)
st = e £ 8 () () it} it ot

4. CONCLUSION

The generating functions of special polynomials play an important role in finding their
characteristics. Furthermore, we can easily approach finding the properties of the degener-
ate version by grafting this generating function onto the degenerate exponential function. In
this paper, we studied the degenerate versions of the r-Stirling Genocchi polynomials and
derived their properties. By using other polynomials, such as degenerate Bernoulli polyno-
mials, degenerate Bernoulli polynomials of higher-order o, degenerate Euler polynomials
and degenerate Euler polynomials of higher-order, we can express r-Stirling Genocchi poly-
nomials. We will continue this research in the future and try to apply it to other studies.
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